We study the moduli space of null curves in Klein's quartic in the four-dimensional (complex) projective plane using methods developed by Robert Bryant. As a consequence, we show that minimal surfaces with 9 embedded planar ends do not exist and formulate some conjectures about the previous moduli space.
Using the framework of the Klein correspondence ( [2] , [3] ), we show that there exists essentially a unique minimal surface with 8 embedded flat ends, while there are no minimal surfaces with 9 embedded planar ends. We also explain why the examples of the contrary which have been made in the literature are incorrect.
Motivation
We say that a non-constant meromorphic curve f : Σ → C 3 is a null curve if df, df = 0, or in a local coordinate z :
The Weierstrass parametrisation shows that any non-planar minimal surface Φ : Σ → R 3 arises as Φ = Re (f ), for such non-constant meromorphic null curve f : Σ → C 3 , a condition which amounts as saying that Φ is an immersion outside of the discrete set of poles of f . Furthermore, Φ is a complete minimal surface with n embedded planar ends if and only if f has n simple poles, i.e. if there exists distinct points a 1 , · · · , a n ∈ C and vectors v 0 ∈ C
3
, v 1 , · · · , v n ∈ C 3 \ {0} such that
This is easy to see that f ) and (a 1 , · · · , a n ), and the direct approach for n ≥ 5 seems quite difficult, so we will describe below another approach of R. Bryant using the Klein correspondence on which the classification is based on.
The Klein correspondence
We adopt the notations of [3] , and we recall the Klein correspondence (see Proposition 4 [3] ). Let Σ be a compact connected Riemann surface, and f : Σ → P n be a non-degenerate holomorphic curve, i.e. f (Σ) is not contained in some hyperplane H n−1 ⊂ P n . Then this is known that deg(f ) ≥ n (see for example [11] ). It is possible to construct a well-defined (see [7] , 2.4) family of associated curves is a non-vanishing holomorphic map. As we shall see, even if f is nondegenerate, f k need not be non-degenerate. Notice that f k is the projectivization of Calabi's holomorphic form (see [4] )
where in a local complex coordinate z, we have for all 1 ≤ j ≤ k − 1
We now introduce the necessary definitions related to ramification divisors, and we adopt the same notations as [3] (see also [7] and of {h i } 1≤i≤n satisfying (1.1). As for all but finitely many p ∈ Σ do we have r i (f, p) > 0, we define for 1 ≤ i ≤ n the i-th ramification divisor R i (f ) on Σ by
We also mention the important set of relations between the ramification divisors of f and of its associated curves:
However, for 2 ≤ k ≤ n and 2 ≤ i ≤ n+1 k − 1, the branched divisor R i (f k ) cannot be computed solely with respect to R l (f ) in general, with the notable exception of the contact curves as we shall see. Definition 1.1. We say that p ∈ Σ is a branch point of f of order θ 0 ≥ 1 if r 1 (f, p) = θ 0 . If R 1 (f ) = 0, we say that f is unbranched or equivalently an immersion in a neighbourhood of p ∈ Σ. Now assume that n = 3. We say that a holomorphic curve f : Σ → P is defined by the homogeneous equations
Coming back to minimal surfaces, we mention the following correspondence with algebraic curves in Q 
We finally come to the Klein correspondence (from [10] ), which, in this strong form, is due to R. Bryant ([3] , and let
be its associated curve from Klein correspondence. The Plücker formulae and Proposition 1 of [3] (which proves that
where r i (f ) = deg R i (f ). Notice that this implies that r 2 (f ) is even. In particular, if Σ has genus 0, then
Definition 1.5. We say that a non-degenerate contact curve f : Σ → P 3 is totally ramified if r 1 (f ) is maximal, that is r 2 (f ) = 0 and r 1 (f ) = deg(f ) + 3(g − 1). Now, recall that one of the main results of [2] or [3] is to show the following theorem, which is equivalent to the non-existence of complete minimal surfaces with 5 or 7 embedded planar ends in R
3
. We can also easily check that for 2 or 3 ends, there is no such objects by a direct algebraic computation from the Weierstrass parametrisation. For example, the only complete minimal surface with 2 embedded ends is the catenoid (see [21] ), whose ends are not planar. Furthermore, 3 ends are excluded as the corresponding contact curve f :
would have degree 2 Theorem 1.6 (Bryant, [2] , [3] ). Unbranched non-linear null curves g :
Using the link with minimal surfaces of Proposition 1.2 and Theorem 1.6, we obtain the following non-existence result concerning minimal surfaces in 3-space. Theorem 1.7 (Bryant [2] , [3] ). Complete minimal surfaces of genus 0 in R 3 with 3, 5, or 7 embedded flat ends (and no other ends) do not exist.
Unbranched null curves of even degree
The cases d = 4, d = 6 were completely classified by R. Bryant (see [1] , [2] ), and examples for even d ≥ 8 were given by R. Kusner (see [12] ). Furthermore, there is a simple example given in [2] of curves of degree 2d ≥ 4 as the associate curve of the non-degenerate contact curve f d :
defined by
It is a contact curve for the non-degenerate symplectic structure . Its branching divisor is
correspond to the zero and the pole of the standard meromorphic coordinate z on P 1 = C ∪ {∞}. Indeed, we easily compute that given by (1.5). We will see that f d is up to projective equivalence the only totally ramified non-degenerate contact curve of degree 2d − 1 (at least for d = 4).
Statement of the results
The first result permits to classify contact curves whose dual is an immersion in Klein's quadric. 
where γ ∈ N is the genus of Σ. In particular, if Σ has genus 1, and Φ has d embedded ends, we find
. Additional examples of any oven number of ends (at least 6) were provided by E. Shamaev ( [22] ). We find it of interest that the only known examples have an even number of ends, and a bold conjecture might be to say that examples with an odd number of flat ends do not exist. Furthermore, it seems plausible that complete minimal surfaces of arbitrary genus with an even number of flat ends exist, by "adding handles" to the minimal surfaces constructed by R. Bryant and R. Kusner (see for example [8] for the construction of prescribed genus helicoids).
Impossible divisors for unbranched null immersions
We have already seen that for d = 1, 2, 3, 4, there is no unbranched null curve g :
of degree 2d + 1. Let d ≥ 2, and we suppose that there exists an unbranched null curve g :
, and we let f :
the associate contact curve from the Klein correspondence. As g is unbranched, f has degree 2d ≥ 4, and we have by the Plücker formulae
Now, suppose that for some p ∈ P 1 , we have R 1 (f ) = (2d − 3) · p. Taking p = 0, we see that for some λ 1 , · · · , λ 2d−3 ∈ C, we have and for some vectors
As f is non-degenerate,
) must be a base of C
4
. Now, we compute
Looking at first three and the last three lines, we see that f 2 is linearly full in P(Λ 2 (C 4 )), so f cannot be a contact curve of degree 2d ≥ 4, as 4d − 4 > 2d − 1. 
and in particular
Proof.
Then if z is the standard meromorphic coordinate of P
1
, we can assume that p corresponds to the zero of z and there exists (v
and we obtain for some
As
) is free and as r 3 (f, p) = r 1 (f, p), we must have for some
Therefore, we obtain the following partial result.
Proposition 3.3. Suppose that there exists an unbranched null curve
g : P 1 → Q 3 ⊂ P 4 of degree 2d + 1, and let f : P 1 → P 3 be
the associated contact curve given by the Klein correspondence. Then the ramification divisor of f consists of at least three distinct points with multiplicity.
Proof. We have deg(f ) = 2d and r 1 (f ) = 2d − 3, and by Lemma 3.2, we have for all
which implies that r 1 (f, p) ≤ d − 2 and as 2(d − 2) < 2d − 3 = r 1 (f ), the algebraic curve f must have at least three distinct branch points.
We can refine this result thanks of the following lemmas, using Proposition 1 of [3] .
and for all q ∈ P 1 \ {p}, we have the estimate
In particular, if f has even degree, then (3.1) holds for all p = q.
Proof. Let p, q ∈ P 1 two distinct points and let a = r 1 (p, f ), b = r 2 (f, q). Then we can assume that p corresponds to the zero of the meromorphic coordinate z and that q corresponds to its pole. Then for
, and some scalars λ j , ν j ∈ C, we can write f as
Now, assuming that 2d + 3 < d, we can make a linear change of variable such that π 2a+3 = 0 (up to modifying the other coefficients). As R 2 (f ) = 0 and R 3 (f ) = R 1 (f ), we can write f as
. In particular, assuming that 2d
In particular we see that
. Furthermore, by (3.3), we must have π j = 0 for all d − b ≤ j ≤ 2a + 2 (otherwise we would have r 3 (f, p) < a), so recalling that we also have π 2a+3 = 0 we finally obtain
which contradicts (3.3), as this expression shows that 
Proposition 3.6. Let f : P 1 → P 3 be a non-degenerate and totally ramified contact curve of degree 2d. Then we have
Proof. As by the previous Corollary 3.5, we have
, we deduce in particular that for all p, q ∈ P
so there exists at least three distinct points p, q, r ∈ P 1 such that r 1 (f, p) > 0 (i.e. f has at least three distinct branch points). Notice that the bound r 1 (f, p) ≤ d − 2 would suffice for this argument. Now, suppose that f has exactly three distinct branch points p, q, r ∈ P 1 of respective multiplicities a ≥ b ≥ c ≥ 1. As
we deduce that a ≥ 2d 3 − 1. Now, by Lemma 3.4, we have
so that
so that 3a ≤ 2d − 5, and this implies as a ≥ b ≥ c that
In particular, we recover without computations Theorem 1.7.
Proposition 3.7. Let f : P 1 → P 3 a totally ramified contact curve of degree 2d ≥ 4. Then 2d ≥ 8, and
Proof. If f has degree 2d ≥ 4, then r 1 (f ) = 2d−3 ≥ 1, and as
implies the claim.
Contact curves of odd degree
It seems that there always exists a unique (up to the re-parametrisation in P 1 and the action of the holomorphic automorphism SO(5, C) of Q 3 ) unbranched null curves of even degree. For now, we only have the following very partial result.
Proof. For d = 2, deg(f ) = 3, so f is a rational normal curve, so there is nothing to do.
is an unbranched holomorphic null immersion of degree 8, then g is equivalent to the dual curve of f 4 : P 1 → P 3 up to re-parametrisation in P 1 and the action of the holomorphic automorphism SO(5, C) of Q 3 .
Proof. Let f :
, so the possible divisors are
. As we have already seen, the first one corresponds to f 4 . Now, if R 1 (f ) = 2 · p + q + r or R 1 (f ) = p + q + r + s, then we have at least two branch points of order 1, so we can assume that they corresponds to z = 0 and z = ∞, so that
) are a basis of C
4
. Now, we can make a change of basis so that
Indeed, we define recursively by the Gram-Schmidt orthogonalisation process (and denoting by · , · the Hermitian form of C
Therefore, we have
and
) is an orthonormal basis of C
, so up to renaming and scaling each of these coefficients by a non-zero real constant, we can suppose that f is given by (4.2), where
) is an orthogonal basis of C
, and recalling that (
) is also a basis of C 4 we must have
so there exists λ 4 , λ 6 , ν 1 , µ 3 ∈ C such that
Therefore, we have up to renaming v
However, the coefficient z
has at most one zero on C \ {0} and as f has two branch points (with multiplicity) outside on C \ {0}, F 2 must have two zeroes (with multiplicity) on C \ {0}, which is a contradiction.
Unbranched null immersion of degree 9
Theorem 5.1. An unbranched null curve g :
Proof. Thanks of Proposition 3.7, the associate contact curve f :
of an hypothetical degree 9 unbranched null curve g :
has degree 8 and is such that R 1 (f ) = p + q + r + s + t for some distinct points p, q, r, s, t ∈ P 1 . Then we can assume that 0 and ∞ are branched points of order 1, so that
As R 2 (f ) = 0, and R 3 (f ) = R 1 (f ), and as f has a branch point of order 1 at 0 there exists a basis
, such that
where + · · · designs terms of higher order, looking at (5.
) is an orthonormal basis, if
) is a basis of C
4
, we have v
) and as Span(v 0 , v
, we finally deduce that
Therefore, for some scalar λ 6 , λ 7 , µ 4 , µ 5 ∈ C, we have
In particular, we find that
Recall now that f has a branch point of order k ≥ 1 at p ∈ P 1 \ {0, ∞} if and only if F 2 given in (5.2) has a zero of order k at p. As P (z) = z 6 (2 + ν 1 z) has exactly one zero with multiplicity 1 outside of zero, we have a contradiction, as this polynomial P must have three distinct zeroes in C \ {0}.
Corollary 5.2. There does not exist a complete minimal surface in R
3 with exactly 9 embedded planar ends (and no other ends).
Some partial results for degree 10 unbranched null immersions
Let f : P 1 → P 3 a totally ramified contact curve of degree 2d − 1 ≥ 5. Then r 1 (f ) = deg(f ) − 3 = 2d − 4 and for all p ∈ P 1 , we have
so f has at least two branch points, and R 1 (f, p) = n · p + (2d − 4 − n) · q for some distinct p, q ∈ P 1 and 1 ≤ n < 2d − 4 implies that n = d − 2, and as we saw earlier, this implies that f = f d . Now assume that f has at least three branch points and that d = 5, so that deg(f ) = 9 and r 1 (f ) = 6. Then
, and if r 1 (f, p) = 3 for some p ∈ P
1
, we have 2r 1 (f, p)+3 = 9 = deg(f ) so we cannot apply Lemma 3.4. However, if r 1 (f, p) = 2 for some p ∈ P 1 , then 2r 1 (f, p)+3 = 7 < 9 = deg(f ) so by Lemma 3.4, we obtain for all q ∈ P 1 \ {p} the inequality
implies that all other branch points have multiplicity 1, or
for some distinct points q, r, s, t ∈ P
. Therefore, the remaining admissible divisors are (for some distinct points p, q, r, s, t, u ∈ P
Case 1: R 1 (f ) = 3 p + q + r + s. Then taking p = 0, and q = ∞, we have with the previous notations , and there exists λ j , µ j , ν j ∈ C such that up to renaming of vectors, we have
By the previous arguments, (v
4
. Also, notice as
and that π 1 = 0 (otherwise, we would have ) is a basis of C
, this is now manifest that
so we can write
Then we compute
However, we see that z 9 (5+4µ 5 z) must have 2 zeroes with multiplicity 1 in C\{0}, but as this polynomial has at most 1 zero, we have a contradiction. Case 2: R 1 (f ) = 2 p + q + r + s + t. Taking p = 0 and q = ∞, we obtain
Making a linear change of variable, we can assume for more notational convenience that π 1 = 0. , we can write f as
As the polynomial z 8 (3 + 2ν 5 z) must have 3 distinct zeroes on C \ {0}, while it has at most 1 zero on C \ {0}, we also have a contradiction.
Here direct computations seem to become too difficult, although a computer-assisted proof might be possible.
Some partial results for degree 11 unbranched null immersions
Let f :
the corresponding totally ramified contact curve of degree 2d = 10. Then we have r 1 (f ) = 2d − 3 = 7, and for all p ∈ P 1 ,
Therefore, the admissible divisors of f are for some distinct p, q, r, s, t, u, v ∈ P
A similar trick as in the proof of Theorem 5.1 permits to rule out the first two divisors. Indeed, if f has two branch points of order 2 that we take at z = 0 and z = ∞, we obtain with obvious notations
As R 2 (f ) = 0 and 
) be an orthogonal basis of C 4 and
Recalling 
) as r 3 (f, 0) = r 1 (f, 0) = 2, so we finally obtain for some additional λ 5 , µ 5 , ν 5 
Now, we compute
Now, we see that F 2 must have 3 zeroes with multiplicity in C \ {0} thanks of (7.1). However, the coefficient in
which has as most 2 zeroes in C \ {0}, a contradiction.
Therefore, the only possible branch divisors for f are
out of the 15 possibilities initially.
Remarks on totally ramified contact curves
We saw that when two branch points of a totally ramified contact curve satisfy some algebraic property, then the curve cannot exist. Outside of Lemmas 3.2 and 3.4, they correspond to a subset of the following situation : there exists distinct p, q ∈ P 1 such that a = r 1 (f, p) and b = r 1 (f, q) satisfy
where we denoted d = deg(f ). Let us consider case by case when this relation does occur. Recall that
. We summarise the results in the following proposition. Proof. As there are many cases to treat, we will adopt the notation (i k) (j l) whenever 1 ≤ i < j ≤ 3 and 1 ≤ k < l ≤ 3 to say that the i-th element (resp j-th element) of {0, a + 1, a + 2, 2a + 3} corresponds to the k-th element (resp. l-th element) of {d − (2b
. This notation will ensure that indeed all cases are included in the forthcoming discussion. For the sake of readability, we write the two collections of indices in (8. 
Notice that by Lemma 3.2 we have
is the curve given in (1.4).
Sub-case 2:
( 1 1) (2 3 
However, there are no totally ramified contact curves of degree 3 and 5 and more than 2 branch points by Theorem ?? ([3] ).
Sub-case 5:
( 1 1) (3 3
Sub-case 6:
( 1 1) (3 4). Then a = 2d
Sub-case 7:
( 1 1) (4 2 Taking q = 0 and p = ∞, we obtain an expansion
) are both basis of C
4
. Furthermore, notice that we must have π j = 0 for all 3d + 4 ≤ j ≤ 4d + 2, otherwise f would be degenerate. Now, let
Now we obtain
and as
) for all 2d + 3 ≤ j ≤ 3d + 3 we obtain
Finally
As previously, notice that As a ≥ 1, notice that it implies that deg(f ) ≥ 9 (also, remark that these multiplicities represent a borderline case of Lemma 3.4). Now take p = ∞, q = 0 and write
We first remark as
) is a basis of C 4 so π j = 0 for all 3d + 2 ≤ j ≤ 4d, and (
) is also a basis of C
. Let λ j , µ j , ν j ∈ C such that
) be an orthogonal basis of C . Therefore, by the previous argument we have
We deduce as
has degree at most d − 1 < d, so we have a contradiction.
Sub-case 9: (1 1) (4 4). Then a = b = d − 1, so f = f d+1 given by (1.4) . This concludes the proof of the (1 1) ( * * ) case. Taking p = ∞, q = 0, so that
we can write f as
) are two basis of C
. Using the same method as before, let λ j , µ j , ν j ∈ C such that
) be an orthogonal basis of C
) is also an orthogonal basis of C
, we obtain
Finally, we compute
Now, we have r 1 (f, p) + r 1 (f, q) = 2d − 3, while r 1 (f ) = deg(f ) − 3 = 3d − 3, so F 2 (z) admits exactly 3d−3−(2d−3) = d zeroes with multiplicity on C\{0}. However,
has degree at most d − 1, so we have a contradiction.
Sub-case 5: (2 1) (4 3). Then
Taking p = 0 and q = ∞ we obtain the expansion
Here, notice that (
) are basis of C
4
. Now, making a change of basis such that (v
) becomes orthogonal, we can write f as
so we obtain the expansion
Now, notice that r 1 (f ) = deg(f ) − 3 = 3d − 2, and that
so the function (up to renaming v
must be such that F i,j admits exactly d zeroes with multiplicity in C \ {0}. However, we compute (notice that µ 2d = 0 in (8.8))
admits at most d − 1 zeroes (with multiplicity) on C \ {0}, while it must admit exactly d zeroes (with multiplicity), so we have a contradiction. Sub-case 6: (2 1) (4 4). Then 2 , corresponding to the cases (2 2) (3 3) and (2 2) (4 4), while the other cases are excluded by the inequality of Lemma 3.2. Therefore, (2 2) (3 4) and (2 2) (4 3) are impossible.
Case 5: (2 3) ( * * ). Here we have
a contradiction by Lemma 3.2.
Case 6: (3 1) ( * * ). Then a + 2b = d − 5.
Sub-case 1: (3 1) (4 2). This is equivalent to
, and d = 2 (mod 3). Replacing d by 3d + 2, we have
Taking p = 0 and q = ∞, we have an expansion
. Now, let λ j , µ j , ν j ∈ C be such that
) is also a basis of C 4 this is now manifest that
Using also the relation
Therefore, we finally compute
Now, f has exactly r 1 (f ) = deg(f )−3 = 3d−1 branch points (with multiplicity), while r 1 (f, p)+r 1 (f, q) = 2d−2, so This completes the proof of the proposition.
On the examples in the literature
In [19] , it is claimed that there exists minimal surfaces with any odd-number 2d + 1 ≥ 9 of embedded flat ends. However, the paper was never published to my knowledge, and the papers which actually appeared were the following ones: [20] and [23] . There is a family of examples given for even and odd number of ends, but they fail to have the asserted properties. We treat the case with an odd number of ends, as we already know examples of minimal surfaces with an even number (necessarily larger than 4, see [12] , [2] , [3] ) of embedded flat ends. Now, let Σ be a closed Riemann surface, p 1 , · · · , p n ∈ Σ be n ≥ 1 distinct points, and Φ : Σ \ {p 1 , · · · , p n } → R 3 be a complete minimal surface of finite total curvature and g : Σ \ {p 1 , · · · , p n } → P 1 its the Gauss map. It is a classical fact ( [6] ) that g extends continuously at branched points p 1 , · · · , p n . As Φ is minimal, g is a harmonic map so it extends analytically on Σ. Then this is easy to see that the total curvature of Φ is given as below
where h is the induced metric of Φ on Σ \ {p 1 , · · · , p n }.
There is a well-defined notion of order of an en of a complete minimal surface near an end. Fix some 1 ≤ j ≤ n. By the Weierstrass parametrisation and as Φ is complete, for every complex chart (z, U ) such that p j ∈ U , there exists an integer m + 1 ≥ 2, such that for some non-zero constant A 0 ∈ CIndeed, fix P, Q two non-zero relatively prime polynomial functions, and let a 1 , · · · , a n ∈ C be n fixed points. Then the Weierstrass data,
2 n j=1 (z − a j ) 2 dz gives a complete minimal surface with n embedded ends if and only if (g, ω) solve the period problem and P (a j )Q(a j ) = 0 for all j = 1, · · · , n. The period problem, which is equivalent to having the associate minimal surface, corresponds to the conditions Therefore, it suffices us to show that the corresponding F n,m given by Ψ n,m does not enjoy this property to prove that the proposed minimal surface is not a minimal surface with 2n + 1 embedded planar ends. Notice that we also proved that the case n = 4 is impossible, and we will check indeed that the given examples cannot work this specific case. which are distinct real number. Therefore f 4,2 :
is not a null curve with simple poles at a 1 , · · · , a 9 and Φ 4,2 = Re (f 4,2 ) cannot be a minimal surface with 2n + 1 = 9 embedded planar ends.
